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Abstract: The shear strength and stick-slip behavior of a rough rock joint are analyzed using the 8 
complex network approach. We develop a network approach on correlation patterns of void 9 
spaces of an evolvable rough fracture (crack type II). Correlation among networks properties 10 
with the hydro -mechanical attributes (obtained from experimental tests) of fracture before and 11 
after slip is the direct result of the revealed non-contacts networks. Joint distribution of locally 12 
and globally filtered correlation gives a close relation to the contact zones attachment-13 
detachment sequences through the evolution of shear strength of the rock joint. Especially spread 14 
of node’s degree rate to spread of clustering coefficient rate yielded possible stick and slip 15 
sequences during the displacements. Our method can be developed to investigate the complexity 16 
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of stick-slip behavior of faults as well as energy /stress localization on crumpled shells/sheets in 17 
which ridge networks are controlling the energy distribution. 18 
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1. Introduction  21 
  During the last decade, complex networks have been used increasingly in different fields 22 
of science and technology [1-3]. Initial applications of complex networks in geosciences were 23 
mostly related to earthquakes [4-6].  Characterization of spatial and temporal structural 24 
complexity of such recursive events has been the main objective of the related research [7-13]. 25 
Understanding of spatio-temporal topological complexity of events based on field 26 
measurements can disclose some other facets of these intra/extra woven events.  27 
 Studies pertaining to the topological complexity and its application in some geoscience 28 
fields reveals that acquisition and gathering of direct information (especially in temporal scale) is 29 
difficult and in many cases are (were) impossible (at least with current technologies). In addition 30 
to complex earthquake networks, recently the analysis of climate networks, volcanic networks, 31 
river networks and highway networks, as the large scale measurements, have been taken into 32 
account [9-13].  In small scales, topological complexity has been evaluated in relation to 33 
geoscience fields such as the gradation of soil particles, fracture networks, aperture of fractures, 34 
and granular materials [14-20]. The initial step refers to organizational step which tries to find 35 
out possible dominant well-known structures within the system. Next step in the most of the 36 
mentioned works is to provide a suitable and simple method to yield a similar structure. Such 37 
algorithm may support the evolution of structure in spatial or/and temporal cases [21].  38 
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 May be the most important structural complexity in geological fields is related to fracture 39 
networks. Fracture networks with dilatancy [22], joint networks in excavation damaged zones, 40 
cracking in pavements (or other natural/man-made structures) and fault networks in large scale 41 
have been recognized [23-25]. In the analysis of these networks, the characterization of fractures 42 
in a proper space such as friction-displacement space is an essential step. Furthermore, with 43 
taking the direct relationship between void spaces and contact areas in to account, one may 44 
interest in considering the induced topological complexity of the opening elements (non-45 
frictional contacts) into the fracture behavior.  Using linear elastic fracture mechanics, we know 46 
aperture or aspect ratio is generally the index to available energy in growth of rupture.  Crack 47 
like behavior of rupture in frictional interfaces also support the role of contact areas and 48 
equivalently apertures.  In addition, the variations of fluid flow features (such as permeability 49 
and tortuosity) directly are controlled with aperture spaces.  In order to characterize the main 50 
attributes of the fractured systems, e.g. mechanical and hydraulic properties, several methods 51 
have been suggested in the literature [26-30]. Recently, the authors have proposed the 52 
implementation of a complex network analysis for the evolution of micro-scale apertures in a 53 
rough rock fracture [18-19]. Based on a Euclidean measure, the results confirmed the 54 
dependency of hydro-mechanical properties to the attributes of characterized aperture networks. 55 
The present study is also related to the complex aperture networks. However, the current study 56 
presents the analysis of frictional forces during shearing based on the correlation of apertures in 57 
a rock joint. The analysis is associated with set up a network on an attribute (such as aperture 58 
distribution) in an area.  The aforementioned method has also been employed in the analysis of 59 
the coupled partial differential equations which was related to two-phase flow [31]. 60 
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  With respect to avalanche-like behavior of collective motion of the ensemble discrete 61 
contacts (in the vicinity of a phase transition step), we try to characterize the collective behavior 62 
of aperture strings using networks. In this paper we will answer the following three questions: 1) 63 
Is there any (hidden) complex structure in the experimentally observed apertures? 2) What is the 64 
effect of specific structural complexity of apertures on mechanical response of a fracture? 3) 65 
How do apertures regulate with each other to show well-known slip-friction curve? In other 66 
words, can we relate the topological complexity of apertures to the evolution path of the 67 
fracture?  68 
 The organization of the paper is as follows: Section 2 includes a brief description of 69 
networks and their characterization. In addition, the construction procedure of aperture networks 70 
is explained. Section 3 covers a summary of the experimental procedure. The last section 71 
presents the evaluation of the pre- and post-peak (stick-slip) behavior of a rock joint which is 72 
followed by the analysis of the constructed network.  73 
 74 
2. Network of Evolving Apertures 75 
 76 
 In this section we describe a general method of setting up a network on a fracture surface 77 
while the surface property is a superposition of very narrow profiles (ribbons) of one attribute of 78 
the system. In other words, one attribute of the system is “granulated “over strings (profiles or 79 
ribbons). The relationship between the discrete strings –inferred from long range correlation or 80 
elastic forces- results an interwoven network, i.e., topological complexity of interactions. The 81 
frictional behavior including the stick-slip response of a joint is related to the sum of real contact 82 
areas, which fluctuates with the changes in apertures. It also occurs based on the collective 83 
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motion and spatially coupled of contact zones. It is shown that the structural complexity of the 84 
dynamic aperture changes is controlling and regulating the joint behavior and its unstable 85 
response. In order to explain the details of our work, we need to characterize the topological 86 
complexity.   87 
 A network consists of nodes and edges connecting the [32]. To set up a nondirected 88 
network, we considered each string of measured aperture as a node. Each aperture string has N 89 
pixels where each pixel shows the void size of that cell. Depending on the direction of strings, 90 
the length of the profiles varies. The maximum numbers of strings (in our cases) are in the 91 
perpendicular direction to the shear, while the minimum one is in the parallel direction. To make 92 
an edge between two nodes, a correlation measurement ( Cij ) over the aperture profiles was 93 
used. The main point in the selection of each space is to explore the explicit or implicit hidden 94 
relations among different distributed elements of a system. For each pair of signals (profiles) Vi 95 
and Vj , containing N elements (pixels) the correlation coefficient can be written as [33]:  96 
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Cij=1, 0, and -1 are related to perfect correlations, no correlations and perfect anti-correlations, 99 
respectively.  100 
 Selection of a threshold (ξ ) to make an edge, can be seen from different views.  101 
Choosing a constant value may be associated with the current accuracy of accumulated data 102 
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where after a maximum threshold the system loses its dominant order. In fact, there is not any 103 
unique way in the selection of a constant value, however, preservation of the general pattern of 104 
evolution must be considered while the hidden patterns can be related to the several characters of 105 
the network. These characters can express different facets of the relations, connectivity, 106 
assortivity (hubness), centrality, grouping and other properties of nodes and/or edges [34-36]. 107 
Generally, it seems obtaining stable patterns of evolution (not absolute) over a variation of ξ  can 108 
give a suitable and reasonably formed network [33]. Also, different approaches have been used 109 
such as density of links, the dominant correlation among nodes, c-k space and distribution of 110 
edges or clusters. In this study, we set max0.2ij ijC Cξ≥ = . Considering with this definition, we are 111 
filtering uncorrelated profiles over the metric space. In the previous study, the sensitivity of the 112 
observed patterns (associated with the Euclidean distance of profiles)   has been distinguished 113 
[18].  114 
 The clustering coefficient describes the degree to which k neighbors of a particular node 115 
are connected to each other. What we mean by neighbors is the connected nodes to a particular 116 
node. The clustering coefficient shows the collaboration between the connected nodes. Assume 117 
that the thi  node to have ik  neighboring nodes. There can exist at most ( 1) / 2i ik k −  edges 118 
between the neighbors. We define 
i
c  as the ratio 119 
( 1) / 2i
th
i i
actual number of edges between the neighbors of the i nodec
k k
= −       (2) 120 
Then, the clustering coefficient is given by the average of 
i
c  over all the nodes in the 121 
network [21]: 122 
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 For 1ik ≤  we define 0C ≡ . The closer C is to one the larger is the interconnectedness 124 
of the network. The connectivity distribution (or degree distribution), ( )P k , is the probability of 125 
finding nodes with k edges in a network. In large networks, there will always be some 126 
fluctuations in the degree distribution. The large fluctuations from the average value ( k< > ) 127 
refers to the highly heterogeneous networks while homogeneous networks display low 128 
fluctuations [21]. From another perspective, clustering in networks is closely related to degree 129 
correlations. Vertex degree correlations are the measures of the statistical dependence of the 130 
degrees of neighbouring nodes in a network [35]. Two-point correlation is the criterion in 131 
complex networks as it can be related to network assortativity.   132 
 The concept of two-point correlation can be included within the conditional probability 133 
distribution '( | )P k k that a node of degree k is connected to a node of degree 'k . In other words, 134 
the degrees of neighbouring nodes are not independent. The meaning of degree correlation can 135 
also be defined by the average degree of nearest neighbours ( nn kk≺ ; ). If nn kk≺ ; increases with 136 
k high degree nodes (hubs) tend to make a link to high degree nodes, otherwise, if 137 
nn kk≺ ; decreases with k, high degree nodes (hubs) tend to make a link with low degree nodes  138 
(disassortative ) [34-36].  From the point of view of fractal complex networks [37-38], the degree 139 
correlation may be used as a tool to distinguish the self-similarity of network structures. In fact, 140 
in fractal networks large degree nodes (hubs) tend to connect to small degree nodes and not to 141 
each other (fractality and disassortativity). Also, the clustering nature of a network can be drawn 142 
as the average over all nodes of degree k giving a clustering distribution (or spectrum). In many 143 
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real-world networks such as the internet the clustering spectrum is a decreasing function of 144 
degree which may be interpreted as the hierarchical structures in a network. In contrast, some 145 
other networks such social networks and scientific collaborations (and also we will see complex 146 
aperture networks) are showing assortative behaviour [35]. It will be shown that spreading of 147 
crack like behaviour due to shearing a fracture, can be followed with the patterns of proper 148 
spectrum. Similarly, by using the degree correlation, one may define the virtual weight of an 149 
edge as an average number of edges connected to the nodes [39].   150 
  The average (characteristic) path length L is the mean length of the shortest paths 151 
connecting any two nodes on the graph. The shortest path between a pair (i, j) of nodes in a 152 
network can be assumed as their geodesic distance, ijg , with a mean geodesic distance L given as 153 
below [2, 21]: 154 
     
2 ,
( 1) iji j
L g
N N <
= − ∑          (4) 155 
where  ijg  is the geodesic distance (shortest distance) between node i and j, and N is the number 156 
of nodes. We will use a well known algorithm in finding the shortest paths presented by Dijkstra 157 
[40].  Based on the mentioned characteristics of networks two lower and upper bounds of 158 
networks can be recognized: regular networks and random networks (or Erdős–Rényi networks 159 
[41]). Regular networks have a high clustering coefficient (C ≈  3/4) and a long average path 160 
length. Random networks (construction based on random connection of nodes) have a low 161 
clustering coefficient and the shortest possible average path length. However Watts and Strogatz 162 
[42] introduced a new type of networks with high clustering coefficient and small (much smaller 163 
than the regular ones) average path length. This is called small world property. 164 
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3. Summary of Laboratory Tests  165 
 To study the small world properties of rock joints, the results of several laboratory tests 166 
were used. The joint geometery consisting of two joint surfaces and the aperture between these 167 
two surfaces were measured. The shear and flow tests were performed later on. The rock was 168 
granite with a unit weight of 25.9 kN/m3 and uniaxial compressive strength of 172 MPa. An 169 
artificial rock joint was made at mid height of the specimen by splitting and using special joint 170 
creating apparatus, which has two horizontal jacks and a vertical jack [43-44]. The sides of the 171 
joint are cut down after creating the joint. The final size of the sample is 180 mm in length, 100 172 
mm in width and 80 mm in height. Using special mechanical units, various mechanical 173 
parameters of this sample were measured. A virtual mesh having a square element size of 0.2 174 
mm was spread on each surface and the height at each position was measured by a laser scanner. 175 
The details of the procedure can be found in [45-46]. Different cases of the normal stress (1, 176 
3and 5 MPa) were used while the variation of surfaces were recorded. Figure1 shows the shear 177 
strength evolution under different normal loads. In this study, we focus on the patterns, obtained 178 
from the test with a 3 MPa normal stress. 179 
4. Implementation and Analysis of Complex Aperture Networks  180 
 In this section we set up the designated complex network over the aperture profiles, 181 
which are perpendicular to the shear direction.  By using the correlation measure, the distribution 182 
of correlation values along profiles and during the successive shear displacements were obtained 183 
(Fig.2).  Plotting the correlation distribution shows the transition from a near Poisson distribution 184 
to a Gaussian distribution. The change in the type of distribution is followed by the phenomena 185 
of the tailing, which is inducing the homogeneity of the correlation values towards high and anti-186 
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correlation values. In other words, tailing procedure is tied with the quasi-stable (residual part) 187 
states of the joint. Thus, this can be described by reducing the entropy of the system where the 188 
clusters of information over correlation space are formed. From another point of view, with 189 
considering the correlation patterns, it can be inferred that throughout the shear procedure, there 190 
is a relatively high correlation between each profile and the profiles at a certain neighborhood 191 
radius. This radius of correlation is increasing non-uniformly (anisotropic development) during 192 
shear displacement (Fig.3).  193 
 By using the method described in the previous section, a complex aperture network is 194 
developed from the correlation patterns (Fig.4). As it can be seen in this figure, the formation of 195 
highly correlated nodes (clusters) is distinguishable near the peak point.  It can be estimated that 196 
the controlling factor in the evolution path of the system is related to the formation of cliques 197 
(communities).  We will show locality properties of the clusters (intera structures) are much 198 
more discriminated at last displacements rather than initial time steps while global variations of 199 
the structures are more sensitive to reduction in the shear stress.  In fact, forming hubs in the 200 
constructed networks may give the key element of synchronization of aperture profiles (or 201 
collective motion of discrete contact zones) along the shear process. In other words, reaching to 202 
one or multiple attractors and the rate of this reaching after peak point are organized by the 203 
spreading and stabilizing the clusters. Unfortunately, due to a low rate of data sampling, the 204 
exact evolution of patterns before peak-point is not possible. However, during the discussion on 205 
the joint degree correlations, a general concept will be proposed.   206 
 The three well-known characteristics of the constructed networks, namely total degree of 207 
nodes, clustering coefficient and mean shortest path length are depicted as a function of shear 208 
displacement in Figure 5.As it can be followed there is a nearly monotonic growth/decay of the 209 
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parameters. A considerable sharp change in transition from shear displacement 1 to 2 mm is 210 
observed for all three illustrated parameters. This transition is assumed as state transition from 211 
the pre-peak to post peak state, while with taking into account the rate of the variation of the 212 
parameters the transformation step is discriminated. Also, despite of clustering coefficient trend 213 
which show a fully-growth shape the number of edges and mean short length after a shear 214 
displacement of 12 mm roughly exhibiting a quasi-stable trend. These results provide the 215 
necessary information for the classification of the aperture networks in our rock joint. The high 216 
clustering coefficient and low average (characteristic) path length clearly show that our aperture 217 
networks have small-world properties.  218 
 The development of shear stress over the networks is much faster after the peak point 219 
than the pre-peak states. This feature can be explained by understanding the concept of the net-220 
contact areas [59].  At interlocking of asperities step-before maximum static friction- the two-221 
point correlation shows a relatively more uniform shape rather than former and later cases. Also, 222 
the current configuration implies that the homogeneity of the revealed network where the nodes 223 
with high degree are tending to absorb nodes with low edges. This indicates the property of self-224 
similarity within the network structures. The shear displacements immediately after or near peak 225 
(Figure 6) point destroy the homogeneity of the network and spreading slow fronts and dropping 226 
of the frictional coefficient is accompanied with a trial to make stable cliques,  inducing the 227 
heterogeneity to the network structures. Using a microscopic analysis, it can be proven that, for 228 
homogenous topologies, many small clusters spread over the network and merge together to 229 
form a giant synchronized cluster [54-56]. This event is predicted before reaching to the peak 230 
threshold.  In heterogeneous graphs, however, one or more central cores (hubs) are driving the 231 
evolutionary path and are figuring out the synchronization patterns by absorbing the small 232 
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clusters. As can be seen in Figure 6 and Figure 7, two giant groups are recognizable after 14 mm 233 
displacement. This shows the attractors states in a dynamic system. However, two discriminated 234 
clusters are not showing the self-similarity structures within the proper networks, i.e., hubs with 235 
high degree nodes are separated from the hubs with low degree nodes. In general, one may 236 
overestimate the self-similarity of internal structures of the networks, which means that in the 237 
entire steps at least a small branch of fractility can be followed.   238 
 The attributed weight distribution, associated with the two-point correlation concept 239 
(Fig.7) shows as if the virtual heaviness of edges are increasing, simultaneously, the joint degree 240 
distribution is also growing, which indicates the networks are assortative. The distribution of the 241 
weights from unveiled hubs also clearly can be followed in Figure 7 while two general 242 
discriminated patterns are recognizable. On the contrary, if the patterns of correlation of 243 
clustering coefficients are drawn (Fig.8), the eruption of local synchronization is generally closed 244 
out after (or at least near) peak point while again during and after dropping shear strength, the 245 
variation of local clusters will continue. Especially, at the point near to critical step, the local 246 
clusters present much more uniform percolation rather than the other states  while at final steps 247 
the stable state (or quasi-stable) regime of regional structures is not clear. It is worth stressing the 248 
rate of variation of local joint clustering patterns at apparently quasi-steps are much higher than 249 
the global patterns, i.e., joint degree distribution. Also, it must be noticed that before peak point 250 
the structures of joint triangles density is approximately unchangeable. Then as a conclusion, 251 
burst of much dense local hubs is scaled with disclosing of slow fronts spreading.  252 
 Following the spectrum of the networks in a collective view (Fig.9) shows a nearly 253 
uniform growing trend where a third degree polynomial may be fitted.  However, with respect to 254 
individual analysis (local analysis) of i ic k− , a negative trend can be pursued. The spectrum of 255 
13 
 
the networks can be related to three-point correlation concept which expresses the probability of 256 
selecting a node with a certain degree, so that it is connected to other two nodes with the definite 257 
degrees. The evolution of spectrum of aperture networks in a Euclidean space and using a 258 
clustering analysis on the accumulated objects has come out the details of the fracture evolution, 259 
either in the mechanical or hydro-mechanical analysis [18-19]. But, in our case, detecting such 260 
explicit scaling is difficult. Let us transfer all of the calculated network properties in a variation 261 
(rate) space (Fig.10).  Depicting the clustering coefficient and mean degree rates, shows a similar 262 
trend with the evolution of shear strength, however, after 8 mm displacement the variation of 263 
edges and clustering coefficient unravels the different fluctuations.  264 
 The negative scaling (for large anisotropy) in i idc dk
dt dt
−  space can be expressed by 265 
800 20i idk dc
dt dt
≅ − + . As it can be followed in Figure 10, the congestion of objects makes a 266 
general elliptic which approximately covers all of points where the details of the correlation 267 
among two components presents how the expansion and contraction of patterns fall into the final 268 
attractors (Fig.10). Thus, such emerged patterns related to the two-point correlation of variation 269 
rate of edges and rate of clustering coefficient are proposing a certain core in each time step so 270 
that the absorbing of objects within a “black hole” at residual part is much more obvious rather 271 
than other states. With definition of anisotropy by 
( )
( )
d k
dtS dC
dt
σ
σ
=
≺ ;
 (σ is standard 272 
deviation), the rate changes of profiles in a new space and with reference to the pre and post peak 273 
behaviours are obtained (Fig.11). Transferring from interlocking step to Coulomb threshold level 274 
is accompanying with the maximum anisotropy (Fig.11b) and immediate dropping and then 275 
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starting to fluctuate until reaching to a uniform decline. The fluctuation of anisotropy from 2mm 276 
to 13 mm may be associated with the stick-slip behaviour of the rock joint as the main reason of 277 
shallow earthquakes [57-58].  It should be noticed that the results of the later new space is 278 
completely matching with the analysis of joint degree and joint clustering distribution. In Figure 279 
11.a, we have illustrated a new variable with regard to durability and entropy of the system, 280 
dC d k
dt dt
× ≺ ; .  In fact with definition of such parameter the fluctuation in anisotropy is filtered 281 
while initiating the post stick-slip behavior is scaled with the minus or zero variation of the 282 
parameter.  In [59-61], we analyzed the sub-graph structures and frequencies over parallel and 283 
perpendicular aperture networks. Also, a directed network based on contact strings and 284 
preferentiality of possible energy flow in rupture tips has been introduced. We also, inspected the 285 
synchronization of strings using a Kuromoto model [59].  286 
5. Conclusions  287 
 In this study, we presented a special type of complex aperture network based on 288 
correlation measures. The main purpose of the study was to make a connection between the 289 
apparent mechanical behavior of a rock joint and the characterized network. The incorporation of 290 
the correlation of apertures and the evaluation of continuously changing contact areas (i.e. 291 
growth of aperture) within the networks showed the effects of structural complexity on the 292 
evolution path of a rock joint. Our results showed that the main characteristics of aperture 293 
networks are related to the shear strength behavior of a rock joint. The residual shear strength 294 
corresponded to the formation of giant groups of nodes in the networks. In addition, based on the 295 
joint correlation upon edges and triangles, the pre-peak and post peak behaviour of a rock joint 296 
under shear were analyzed. Our results may be used as an approach to insert the complex 297 
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aperture networks into the surface growth methods or general understanding of the conditions for 298 
a sudden movement (shock) in a fault.  299 
 300 
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FIGURE 1. Variation of shear strength for different cases (normal stresses for 501 
case1:1mpa, case3: 3 MPa, case5: 5 MPa and case6: 3 MPa (without control of upper 502 
shear box) [46].  503 
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FIGURE 2. Evolution of correlation values of aperture profiles at shear displacement s: 510 
0,2,10 and 20 mm.  511 
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FIGURE 3. Correlation patterns throughout the shear displacements   514 
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FIGURE 4. Visualization of adjacency matrix for the achieved networks 516 
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FIGURE 5. a) Clustering coefficient-Shear Displacement (SD), b) Number of edges-SD 518 
and c) Average path length-SD 519 
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FIGURE 6. Joint degree distribution from SD=0 to SD=20 mm (Top left-first row is 521 
SD=0 and Top right  -first row is 6mm shear slip ) 522 
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FIGURE 7. Attributed weight distribution of links related to joint degree distribution 524 
(for SD=0-4,10,15 and 20 mm) 525 
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FIGURE 8.  Joint clustering coefficient distribution plus attributed weight histograms 527 
based on averages of triangles connected to a link (sequence of figures are as well as 528 
figure 6).  529 
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FIGURE 9. a) Spectrum of complex aperture networks ( ic - ik )and b) Evolution of mean 533 
degree of node against clustering coefficient and fitness of a polynomial function  534 
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FIGURE 11.a) Variation of dC d k
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< >× with shear displacements and b) Anisotropy 542 
evolution at the rate of spectrum (networks) space 543 
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